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A cost function is studied for an M/G/l queueing model for which the service rate of 
the virtual waiting time processt+ for oUr < K differs from that for bt > K. The costs con- 
sidered are costs fat maintaining the service rate, costs for switching the service rate and 
costs proportional to the inventory Ut. ‘The relevant cost factors for the systcin operating 
below kvet AK differ from those when ot > K‘ The cost function watch is considered only 
for the rrtationary dtuation of the+proccss expresses the average cost per unit time. The 
problem is to find that K for which the cost function reaches aminimum, Criteria for the 
poerribly optimal cases are found; they have an interesting intuitive interpretation, and tei 
quire the knowledge of only the first moment of the service time distributionl 
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The investigation is carried out for the stationary situatkw of the 
process (which will be assumed) to exist and the cost fuwcion G(*) fw 
this situation represents the average cost per unit of tir.le. 
It turns out that the cost function G(O) is completely determined, 
apart from the system constants and the cost factors, by a function 
WI(*), the lattf:r function playing a dominant role in the analysis of the 
classical M/G/l model. Properties of this function are discussed in Ap- 
pendices A, B and C. 
The investigation has shown that the optijmal value (of K rday be zero, 
infinite or finite. Only in the case of finite optimal K the switching costs 
are relevant. The criteria which distinguish between these three cases 
have a very int!Ative meaning and they can be formulated as inequalities 
between the average cost put unit time for the case K = 0 and the case 
K = -, respectively. It appears that these criteria only involve the first 
moment of the service time distribution B(* ). 
The mathematical nalysis of the service rate costs and the inventory 
costs is fairly simple, while that of the switching costs is difficult, this 
difficulty being related to the fact that in an M/c/l queueing system the 
average number of downcrossings of the bt-process with level K durkng a 
busy cycle does not need to be a monotonic function of K. Intuitively 
one wouk! expecct that the optimal values of K if switching costs are 
take:1 into account is latger than whenever these costs are not counted, 
ho*Nevet, this need not be tme, 
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present paper such policies can be analysed. The resulting formulas, how- 
ever, are very complicated and an extensive numerical evaluation of them 
is needed in order to obtain useful information about the influence of 
the various parameters on the optimal situation. 
In [4] a problem similar to the one studied here has been discussed’, 
but without introduction of the switching costs, and restricted to the si- 
tuation where the system carries a load of less than 100% when operating 
below level K, i.e. the average amount of arriving inventory per unit 
time is less than ~1, the service rate below level K. The analysis of the 
present study turns out to be more powerful than that used in [4-l and 
seems to be better suited for more complicated systems. 
2. The model 
Let bt denote the inventory at time t. The successive points of increase 
of the o,-process are assumed to be 3 ~~.~isation f a stationary Poisson 
process with parameter or -*. The increments of the b,-process are as- 
sumed to be iAd. nonnegative variables with distribution ,!?(a ); these 
variables being also independent of the Poisson point process describing 
the points of increase of theu,-process. Between two successive points 
of fncfease of the u,-process IJ, decreases linearly w!ith time “f bt > 0, its 
rate of decfease at time t being r2 if tit > K and rl if 0 < tir < K; here K 
is a poaitioe cunstant and ri > o, r2 > 0. 
for almost all CJ, with 
V(0) = 0 for 0 < 0 , iim V(u) = 1 , 
o”- 
V(K--) = V(K+) . (2.4) 
To describe the solution of (2.3) and (2.4) define 
0 c for x G 0, H(x) = a1 x P s (1 -B(u))du forx> 0; 0 (2.5) 
6= 
(the unique positive zero of r emXu dH(u) - 1 
I 
if al > 1, 
I.0 
0 
ifa,,< 1; (296) 
for x < 0, 
(2.7) 
e-SUdH(u) for x > 0; 
i 
0 for x G 0, 
Ii+(X) = x 
I 
(2.8) 
s e”J’d L”*(y) for x > 0 
O- 
Note that L(*) is a ncndefective (defective) probability distribution if 
al 2 lcaI < 1); left== and right-hand derivatives of 0) always ex.ist, for 
x > 0 the discontinuity se #)/dx shall al- 
c~e-P”dw&l) == e’ -aI r 1 - P(P) 
1 
-l J flp 9 Rep> 6, 
o- 
(2.10, 
1 
w,(o) == 2ni c s 
eVU drl 7 -_._. 1 P(v) ’ Req. 6, -- 
rl I a - 1 
h 
with 
1 
ir+a 
2ni l *’ 
dq= & lim s . . . b!, CF Req. 
CO 
5--joo - ie+o 
Fsr a description of the asymptotic properties of WI(*) see Appendix A, 
note that for aI = 1, W,( *) is a renewal function. 
The solution of the system (2.3) and (2.4) reads (cf. Appendix B for 
its derivationj as follows: 
K 
s V(O+) r egK 
O- 
e-pudV(cr)= 2ni 1 _- - dk 
i's E l-a, 
1 - P(P + El ’ 
Ret> 0, Re(p+t)>& 
(P + EM (2.11) 
s Oa e-pudV(o) = a2h 1 -- az/al 1 - K 1 P(P) - - a13m 
2 PP 
1 a 
2-- PP 
K 
XS evpudV(o), Rep> 0; 
O- 
If we denote 
(2. B 2) 
(2.13) 
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Let $‘(jK’) be the average cost per unit time of switching tire service 
rate from i.1 to r2 and vice versa. To determine S(K) WC reed the 
average nunber of downcrossings and upcrossings of th” +-process with 
level K during a busy cycle. It is reaidily seLn t:hat he number of upcros- 
sings of level K during a busy cycle is with probability one equal to the 
numbe:: (of clowncrossings of level K during a busy cycle. Let d, denote 
the number of downcrossings of the b,-process with level cf > (2 during a 
busy cycle, Since an epoch at which a downcrossing with levei o occurs 
is a regenerative epoch of the e,t-process, it follows immediattly that the 
distribution of rsp( folr the present model is the same as that of the num- 
ber of downcrossings of the virtual waiting time process with level K 
during a busy cycle of the M/G/l queueing system with traffic intensity 
~1 G 1 e The latter distribution has been studied in [ 1 ] and from the re- 
sults obtained there (cf. [ I. chapter III,5 equation (5.931) it follows that 
for the present model 
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with (cf. (2.13)), 
V(O+) = ( 1 - a$ [$+(l -$)W1(K)]-I, (3J3) 
and with v = 0 if the service rate costs hl are also incurred if the system is 
empty, if not then v = 1. 
Using (3.1) the relation (3.12) may be writteal a;s 
G(K) = h2 + c2v2 + 
(3.14) 
[ 
dWl(K) K 
_- 
E;k) 
-- hlVVi2 dK & + h14$(K) + cl2 s xdW&x) 1 . 
0 . 
4 Analysis of the cast function 
In this section we shall study the cost function C(K) as a function of 
K starting from the hatural assumption that 
(4.1 b) 
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B( l j if this density exists. For this reason we shall start with the analysis 
of C(K) by assuming for the present hat the switching; costs are zero, 
i.e. 
& = 0. (4.3a) 
Since WI(K) has a derivative for almost all K> 0, as it is readily seen from 
the definition of W,(a) in Section 2, it follows from (4.3a) and (3.14) 
that G(K) has a derivative for a most all K XI and using (3.1) and (3.13) we 
obtain 
dW’0 = 1 a2 x 
dK 
-- 
q(l -q) EQK) (4.4) 
in particular if it is assumed tk at 
v= 1, 
(cf. (3.12)) then we have 
dW0 = 1 a2 )( 
dK ad1 - 4742) E2{cK} 
(45,) 
K 
wq - a2)c12 $ W,(x)dx +a2c1++tz1h1 -a2h2)-- 
0 
‘;;‘). (4.6) 
To investigate dC(K)/dK we have to dkGnguish the following four cases 
(with v = 1): 
0 i Cl2 L9; 0, Qr 111 - a& (Q 0, 
. . 
( 1) 1 Cl2 > 0, tqhl -- “2h2 :> 0, 
To understand the meanin of these ribur cases consider two unbourl- 
ded M/C/l queueln systems Q1 and 9 with traffic intensities al and 
a21 
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For ai < 1, i = 1, 2, it is seen from (2.19) that CiUi is the average in- 
ventory costs per unit time for the system Qia From (3.5) and (2.19) it 
follows readily that 
c12< O*al < 1, (4.8) 
and therefore cl2 < 0 means that the average inventory costs per unit of 
time for the system Ql are less than those for the system Q2. Similarly 
a& is the average service rate costs per unit time for the system Q1, SO 
a14 - a2h2 < 0 means that the averag,: service rate costs per unit of 
time for the system Ql are smaller than those for the system Q2. 
For the analysis of (4.4) and (4.6) we have also to know the sign of 
a1 - a2 ; in practical applications the natural assumption will be 
since the assumption a1 < a2 is not ccmpatible with LI~ hl - a& > 0 and 
the assumption (4.1 a). 
We shall now study the various possibilities. The starting point is the 
expression for dG(K)/dK. Note that in each case G(K) has a limit for 
K + 00 antI that 
dW1 m 
O”’ dK >o, O<K<=. (4.9) 
(1) h, < h2, v = 1, f12 = 0, cl2 < 0, al hl - J& G 0, a1 > as. From 
(4,6) it now follows that 
d:lyK) < 0 for all K E (0, =). 
. 
(4.10) 
Hence if in (4.10) the inequality sign holds, then 
G(K) > lim G(x), for all K, 0 < K C 00, 
X-+00 
and K = QO is the optimal value. lf in (4.10) the equality sign holds theas 
any value of Ke[O, 00) is optimal. 
(2) It, < 112, v = 1, f12 = 0, cl2 > 0, alhl -- a2122 > 0, a1 > u2. Pn this 
)/CM is always positive, so o = 0 is thz opti af vaPue of K. 
(3) hl < hz, v = 1, fi2 = 0, cl2 < &al hl -- a2h2 > 0, q > a2. From 
.6) it is seen that dG(K)/dK is po 
-+ *, and ther 
and 
(4.11) 
Obviously G(K) reaclzes its maximum value at K = Kr , so that G(K) 
reaches its minimum values ,at X = 0 or at K = I=. 
Since 
G(0)=a*h2+c~u2,G(OO)=alhl+clul ifal C’ 1, L (4.13) 
the optimal value K0 of K is zero if and only if 
a& + c2~ < qhr + qv! J with al < 1; (4.14) 
note that this condition depends on the value of /32. If (4.8) holds and 
cl,! < 0, it only remains to ccnsikr the case al := 1, but in this case 
G( (10) =00, so Iqj (obviously) the optimal va!ue of K. 
Vj h, < h2, v = 1, fix = 0, ~12 > 0, alhl - a2h2 < 0, al > a2. In this 
cape dG(K)/dK is negative for K = 0 and positive for 1,’ = 00, and 
)/dK has only one zero Kc for which 
(4.15) 
0bviously for this value Kc of K the cost function G(K) reaches its min- 
imum value. Again (cf. (4.12)j an upper ound for Kc is given by 
KQ < (a@2 -- al/q )/(a1 c& (4.16) 
F’rom (4.15) it is readily seen that for given rl , r2, & cy and I!?(*) the sp- 
ti’wa! vatue KO is compkteZy de temirzed by tEze mtio (a2 h2 -- a 1 h I)/qz. 
This is an interesting and important result. In particular it follows 
that if this ratio is large then 0 is also large; fo 
task to derive an asymptotic expre~ion for #WI(x) dx from (2. IQ). 
Ko 
In the four cases tudied above the optimal value K0 of K is K0 = 0 or 
= - except for case (4). Obvious y i5 is only in the case 0 < K0 < 00 
that the switchi As already mentioned the deter- 
mination of the into account the switch- 
ing costs is not possible without rnor n about the service time 
distribution B(O). However, there is one situation, which is also important 
from a practical point of view, whei*e we can et some insight in the in- 
fluence of the switching costs on the optimal value of K, viz. if “1 = 1. 
So we consider the case: 
(5) 111 < 112, v = 1, frz > 0, cl2 > 0, alhl -- a& G 0, al = 1 > a2. For 
a1 = 1 tile function W#) is a renewal function and with 
(33 = Jx3dB(x), (4.17) 
0 
we have (cf. [2]), 
We therefore consider for al = 1 the function G(K) with 
and 
p _ 2P2 -- 
P2 9 
q = 2fl&l 
3p:’ 
(4.18) 
(4.19) 
The relation (4.19) is exact if B(x) = 1 - eWX’@, x > 0. However, for a 
large class of distribution B( l ), the relation (4.19) is also for moderate 
values of x a fairly good approximation of the exact expression for W,( *), 
so that the results derived from (4.19 are of interest and provide useful 
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In the present case we have 
- a2h2 p 
l-a2 I-3 
(4.20) 
Since dz12 =cl for ar = 1 it follows that the optimal value K0 of K is 
given 5y 
$KO = - (& +4) + ((%2 +4)2 +$2;:;2h1 +$fi2j$ 
(4.21) 
Note that here Ke is independent of ~2. 
Obviously, in the present case aI = 1 the introduction of the switching 
costs leads to a larger optimal value of K as it is seen firom (4.22) by 
taking fi2 = 0; a fact which could be expected since (4.19) implies that 
d2 W,(K)/dK2 = 0. 
It is now fairly simple to handle the case v = 0. From (4.4) with v = 0 
dnd (4.6) (with c’ = 1) it is seen that if v = 0 then we reach the same con- 
clusions as in the cases (l), (4) and (5) with al hl - ,z2 h2 replaced by 
hiza2. Cases (2) and (3) with v = 0 cannot occur. 
The analysis above shows that the optimal value of K is mainly deter- 
mined by the sign of the quantities cl2 and CL~ hl - a2h2; this could be 
expected, since they have an obvious interpretation, as discussed above. 
Finally, we remark that if in the cost function the rrt-process i replaced 
by the +-process, where ;zr is the number of customers in the system at 
time t, analogous criteria will determine the optimal value of K. 
Appendix A. Asymptotic behaviour of 
For al < 1 we have 
lim W&a) =: + 
(I--, 00 I -al’ 
dWl(o) 
.“I do = O; 
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finally for a1 > J1 
lim 1 e-=6u W,(O) = - 9 
d&(o) 1 
& 
lim e-+0 da = -, 
u”+= 0’~ g 
wiih g the first moment of L which is always finite if ar > 1. 
(A3) 
The relation (Al) follows by noting that if al < 1, then (1 - al) dl(9 
represents the stationary distribution of the virtual warting time of an 
M/G/l queueing system, with traffic load al. 
Ifal = 1 so that 6 = 0 then WI(*) is the renewal function with renewal 
distribution H( 9 of which &/2p is the first moment. The first part of 
(A2) follows from the elementary renewal theorem and the second part 
of (A2) from the renewal theorem for the derivative of the renewal func- 
tion which applies since L(O) possesses a density which is monotone, cf. 
123 . 
For aI > 1 write 
6(x-“)d{ 5 L”*(y)}, x > 0. 
O- 
l-l=0 
Application of the key renewal theorem leads to the first relation of (A3); 
and the second follows from the renewal theorem for the derivative of the 
renewal function. 
Note that I+$(*) is the unique solution of the equation 
684) 
which is bounded on finite intervals. 
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Appendix. B. Solution of the system (2.3), (2.4) 
Note that the first equation of (2.3) is (cf. (2.5) and (2.7)) equivalent 
to 
V(o) = T/(0+) + iH(o - y)dV(y), 
0 
or 
= v’(o+) + 4 V(o - y)d.H( y), o< K, 
0 
ew6* V(o) = e- 'Or V(0-t) t f e- 6(a-y)V(~ - y)dL(y), o< K. 
0 
W) 
For (IT > 0, (Bl) is the renewal equation for the function eB6* V(a), and 
from renewal theory (cf. [ 21) it follows immediately thst V(Ot) WI(*) as 
given by (2;8) represents the unique solution of (B 1) fcr o > 0 which is 
bounded on finite intervals. Consequently V(O+)W,(o), 0 < o < K is thti 
unique solution of (B 1) which is bounded on (0, K), and 
V(o) = V(O+)Wl(o) for 0 < M. 
DeTine 
1 
0 for 0 G K, 
b/(0 - K) = 
1 for 0 > K, 
so that for (T # K, 
(B3) 
Ret> 0. (B4) 
Hence from (B4) and (2.10) we obtain 
f e-PudWr(o) = 1 e--P0 (1 - U(O - K)) d&(o) 
O- O- 
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1 
=2ni s 
e3K dk 
-7 1 _ al 1 - P(P + f) ’ 
Ret> 0, l?e(p +k)> 6, 
cr 
(P + w 
the interchange of the integrations being easily justified. Hence (2.11) 
has been proved. 
Taking Laplace-Stieltjes transforms it follows readily from (2.3) and 
(2.4) that for Rep > 0 
1 F 
a J 
1 00 eBpadV(o) +- ,I e+*dV(o) = 
i o+ L12 K 
= q@{ V(O+) + j K e-PudV@) + J e-P’-VV@)}. 
o+ K 
WI 
Solving this equation for JE e-Pad V(o) we obtain (2.12)* The relation 
(2.13) follows easily from the condition V(+=) = 1. 
Appendix C. Average number of downcrossings 
. Since the&,-process i  regenerative it follows from (3.2) (cf. also [ 31) 
that 
V(0) = - 1 ECj bt < ddt), 
EkK) 0 
(Cl) 
with (+ < a) being t!le indicator function of the event {bt < u}. Hence 
for CT - Acr > Q, 
ii<@ - V(a - Ao) = 
CK 
v ( o- CJ < ht < a)dt}. (C2) 
0 
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Since with probability I! - At/cw thz u,-process decreases, with At during 
the time interval (t, t + At/q) if At < ot < K or during the time interval 
(t, t + At/r,) if 0 t >* K it follows that for Ao 4 0 
CK 
E{J ( o- AoQt < o)ldt} = 
EtdJ;lu - f o(A@ ifO< a-Ao<K, 
0 E{dJE t o(,Ao) if ct - Ao > K, (C3) 
uz 
with d, the number% of downcrossings of the o,-process with level o during 
a-busy cycle. Using (C2) and (C3) we find that 
From (C4) and (2.3) it follows that 
E{cK} d ‘@) 
I 
dWIW) 
do 
=LE{dK} = ar dI. . 
a=K- rl L 
cl VW ECCKI do = LE{dK} . 
o=K+ r2 
C4) 
IW 
From (Xl), (2.15), (2.1) and (2.3) it is seen that (CS) and (3.9) are 
equivalent. 
To obtain some insight in the behaviour of ECI!&} as a function of o 
we need to know the behaviour of dW@)/do. Tlt& behaviour can be 
rather complicated as will be seer1 from the following ccnsiderations. 
For an M/G/l queueing system with infinite capacity and traffic in- 
tensity al the distribution of v,,,L, the supremum of the virtual waiting 
time during a busy cycle c of the v,-process is given by (cf. [ 3]), 
p&lp ’ )c,c<oa)=cy 
dW@)lda 
W,(c) 
-6 ,o>O; (C(5) 
consequently {dWl(a)/da}/ W,(o) is decreasing in O, and hence for ail 
u1 > 0 
W,(o) is log-concave for 0 > W) 
J. W. Cohen 1 On the optimai switching bvel for an M/c/l queueir&g system. 31: 
Some more information is obtained by starting from the renewal’ equa- 
tion for WI(*), (cf. (A4)j: 
w,(o) =: 1 + jH(u - y)dWl(y), 
O- 
=: 1+ H(o) + pH(u --y) d7;y’ dy, o > 0, 
0 
and 
dW&) afl 
do 
= 8” - B(o)) +; J ‘;?{I - &a-y))dy, 
0 
(C9) 
- “‘(1 -B(o))+;j{l -B(y)}-$‘,(o-y)dy, ._ O> 0. 
P i:, 
Let us suppose tha.t B(O+) = 0 and that B(O) possesses everywhere a
bounded density, then it follows from (C9) that d* W@)/do* exists and 
d 
2 
(CW 
a +’ u (1 -B(y))- 
PJ 
d” Wl(o - y)dy, CJ > 0. 
0 do* 
since 
o = Dt =:al@, (cf. (2.9)). 
Since (Cl 0) is a renewal eq ation it follows readily that 
vo>o ;(* - &y)) - !_$!I >o)*vcJ>o[$--$(0)>o 
316 J. W. Cohen / On the opthal switching level for an M/G/l queue& system 
Note that 
VO>O $(l-&I(*))-$!$> C *al > 1, 
I 
(Cl3 
vi7>0 
\ 
F(l -S(o))-q$L 0 
1 
*al < 1. Km 
Obviously the sign of d2 WI(o)/do2 is strongly related to the failure rate 
cif the service time distribution. 
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